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Theaerodynamic characteristics of variouswingplanforms at lowReynolds numbers (about 1 � 104)were studied

by conducting wind-tunnel tests. These low Reynolds numbers correspond to the flights of small creatures, such as

insects. Elliptical, rectangular, and triangular planformswith various aspect ratios were used in this study, as well as

a swept rectangular (parallelogram) wing with an aspect ratio of four. The wing sections of all models were thin

rectangular airfoils. The aerodynamic forces (lift and drag) and the pitching moment acting on the wing were

measured for awide range of angles of attack (including themaximum of 90 deg). Nonlinear characteristics of the lift

coefficient were obtained, even at low angles of attack for high-aspect-ratio wings, whereas a small lift slope and a

large maximum lift coefficient were obtained for low-aspect-ratio wings. The drag and the pitching moment

coefficients also exhibited nonlinear characteristics. The effect of the Reynolds number based on the wing chord was

comparatively small, but a distinctive phenomenon in low-Reynolds-number flowwas observed in flow visualization

using oil-film and smoke-wire methods.

Nomenclature

AR = aspect ratio, b2=S
a = lift slope
b = span length
c = chord length
C� � = coefficient of forces and moment related to ( )
�c = mean aerodynamic chord
D = drag
Di = induced drag
Dp = pressure drag
D0 = minimum drag
e = span efficiency factor
f = friction drag, frequency
k = proportional constant defined by Eq. (9)
Kp = lift slope given by lifting surface theory
KV = constant value given by leading-edge suction force
KW = constant value about aspect ratio of wing in blockage

correction factor
L = lift
M = pitching moment
q, qc = dynamic pressure and its corrected value
R = resultant aerodynamic force,

������������������
L2 �D2
p

r = distance between feathering axis and center of gravity
Re = Reynolds number based on �c
S = wing area
St = Strouhal number
Sts = cross-sectional area of test section
t = wing thickness
t= �c = thickness ratio

U = wind velocity
� = angle of attack
� = proportional constant defined by Eq. (9)
�x = chordwise distance between quarter-chord and

measurement point
�z = thicknesswise model distance between measurement

point and wing chord
" = wall blockage correction factor
� = leading-edge sweep angle
� = air density

Subscripts

M = measured value
max = maximum value
min = minimum value
ST = strut
ts = test section

Introduction

W ITH the development of high-speed aircraft, there have been
many experimental and theoretical aerodynamic studies of

various wing planforms for high-Reynolds-number ranges.
Recently, the number of experimental studies for low-Reynolds-
number ranges, which are pertinent to the flight of insects, has been
increasing. The purpose of the present study is to investigate the
aerodynamic characteristics related to the locomotion of living
creatures and to the flight of small unmanned aircraft known asmicro
air vehicles (MAVs). Pines and Bohorquez [1] assumed that the
Reynolds number for a MAV was less than 4 � 104, and they
mentioned the importance of investigating the morphological and
aerodynamic characteristics of the flights of creatures for developing
MAVs. There have been various studies of the flapping wings of
insects in flight. For example, Dickinson [2], Sunada et al. [3], and
Okamoto and Azuma [4] have conducted experimental studies and
Liu and Kawachi [5] and Wang [6] have performed theoretical
studies of two-dimensional unsteady wings. Sane and Dickinson [7],
Birch et al. [8], and Usherwood and Ellington [9,10] have conducted
experimental studies and Wu and Sun [11] have performed theo-
retical studies of three-dimensional unsteady wings. The wing
planforms used in these studies of three-dimensional wings were
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shaped to simulate insect wings (e.g., hawk moth, mayfly, and
bumblebee). However, it is important to distinguish between two-
dimensional and three-dimensional wings, because the aerodynamic
characteristics of high-aspect-ratiowings are strongly affected by the
wing section profile, whereas those of low-aspect-ratio wings are
affected by the wing planform as well as the wing profile.

The aforementioned studies have clarified the aerodynamic char-
acteristics of flapping wings. However, many unanswered questions
still remain regarding flight at Reynolds numbers pertinent to insects,
even regarding the steady state of wings. The two-dimensional char-
acteristics of wings atRe � 1 � 104 have been investigated in awind
tunnel by Okamoto et al. [12], Azuma et al. [13], and Kesel [14], and
in a water tank by Sunada et al. [15]. These studies arrived at the
following conclusions:

1) Streamlined airfoils intended for use at high Reynolds numbers,
which have large thicknesses and leading-edge radii, exhibit poor
performance due to laminar separation in flows at low Reynolds
numbers, such as those for insect flight.

2) Airfoils designed for lowReynolds numbers are thin with sharp
leading edges, and they sometimes have corrugated profiles like
those of insect wings.

3 Lift curves at low Reynolds numbers are clearly nonlinear,
whereas those at high Reynolds numbers are linear.

Various studies have been conducted on three-dimensional wings
operating at low Reynolds numbers. Torres and Mueller [16] per-
formed an experimental study of wing planforms in a wind tunnel
and a water tank with a view to developing MAVs. The planforms
used in their study were a rectangle and three ellipses with aspect
ratios in the range AR� 0:5–2, and the Reynolds numbers were
�7–10� � 104. The maximum angle of attack in their experiments
was below the stall angle. Cosyn and Vierendeels [17] performed a
numerical analysis by computational fluid dynamics and compared
the results they obtained with those of [16]. For low Reynolds
numbers of Re� 8 � 103 and 2:4 � 104, Kaplan et al. [18] tested
wings with rectangular, delta shaped, and semielliptical planforms
and with AR� 2 in a water tank. The trailing vortex was studied by
digital particle velocimetry, and the calculated lift was compared
with the measured lift.

The flapping wings of living creatures have high angles of attack,
because such creatures require high angles of attack for their various
locomotionmodes. For example, Azuma [19] investigated the angles
of attack that maximize the thrust of the paddlingmotion of duck feet
and of labriform locomotion, such as that generated by the pectoral
fins of fish. Suitable angles of attack are �� 40 deg for a paddle
planform with a low aspect ratio and �� 90 deg for a paddle
planformwith a high aspect ratio. That is, the angle of attack at which
the resultant force consisting of lift and drag is maximized is used in
this locomotion. Thus, when studying the motion of creatures, aero-
dynamic data for steady wings have to be obtained over a wide range
of angles of attack.

The purpose of the present study is to use awind tunnel to ascertain
the aerodynamic characteristics of various planforms in the vicinity
of Re� 1 � 104. The maximum angle of attack employed in this
study was 90 deg. The wing planforms used in this study are
elliptical, rectangular, and triangular in shape, with aspect ratios in
the range AR� 0:5–8, a swept rectangular wing with AR� 4, and

sweep angles of �� 30–60 deg. The aerodynamic characteristics
of these planforms at low Reynolds numbers are compared with
those at high Reynolds numbers.

The test wings weremade of thin aluminum flat plate. Streamlined
airfoils, such as NACA 0012, exhibit nonlinear lift curves at low
Reynolds numbers [20], whereas the Reynolds number has
comparatively little effect on the aerodynamic characteristics of thin
flat plates. In this study, the lift and drag forces and the pitching
moment acting on wings are measured, and flow visuali-
zations by smoke-wire and oil-film methods are performed in the
wind tunnel.

Preceding to the present study, Okamoto and Jinba [21] have
conducted a similar experimental study. However, the test results
were not satisfactory and the examination was inadequate. The
present study is an extended form of preceding study.

Equipment and Experimental Method

Figure 1 shows the wind tunnel used to measure the aerodynamic
forces andmoment and to visualize theflow (see [12] for details). The
test section is 360mm square and 600mm long. Thewind velocityU
in the test section can be varied between 2.5 and 6 m=s, and the
turbulence intensity is less than 0.3%. The wind velocity is
determined by counting theKármánvortex street frequencyobserved
downstream of the circular cylinder located in the test section
(Roshko [22]).

The balance system shown in Fig. 2 consists of a load measuring
device and a drivingmechanism for varying the angle of attack of the
wingmodel. The loadmeasuring device consists of two load cells (A
and B), which are aluminum blocks with four strain gauges attached
to their aluminum surfaces, and they are located under the test
section. Load cells A and B are used to measure, respectively, the
horizontal force (or drag) and the vertical force (or lift) on the model.
The driving mechanism consists of a fixed strut and a rotating sting.
This sting and strut assembly is connected to the load measuring
device. A small electric motor drives the sting installed on top of the
strut to produce angles of attack in the range of �60 to 90 deg; this
angle is measured by a potentiometer. The loadmeasuring device, on
which the model wing is set to measure the pitching moment, is
installed on the tip of the sting. Device load cell C consists of a thin
aluminum plate with two strain gauges attached to the aluminum
surfaces. The strain gauges are connected in a bridge circuit con-
taining two dummygauges to compensate for temperature changes in
the load cell. The loadmeasuring device needs to be installed directly
under the model, because the pitching moment acting on a wing is
very small in such low-Reynolds-number flows. The respective
output signals from each load cell are analyzed by a bridge circuit, a
dynamic strain amplifier, and a 16-bit analog-to-digital converter,
and every output is processed by a personal computer.

Aerodynamic data at various angles of attack were obtained by
averaging 1500 data sets measured at a sampling frequency of
1000 Hz. An averaging time of 1.5 s was found to give sufficiently
high repeatability of the output data. The minimum readable values
were 9 � 10�5 N for the lift, 6 � 10�5 N for the drag, and 2 �
10�6 Nm for the moment. The maximum bias errors in the output
signal were less than 0.1% for the forces and less than 0.5% for the

Screen 

Balance system 

Test section 

Honeycomb 

Electric motor 

Fan 

Inflow Outflow 

Fig. 1 Wind tunnel.
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moment over the full load range. Interference between the load cells
was confirmed to be negligibly small. The natural frequencies of the
load cells were more than 50 Hz for the forces and more than 180 Hz
for the moment. To determine the aerodynamic forces and moment
acting on the wing model, those acting on the strut and sting without
the model must be subtracted from the total measured data. The mass
of the models influences only the moment measurements, since it
changes the position of the center of gravity. Consequently, wind-off
weight tares need to be recorded and subtracted from the wind-on
data. Finally, the moment about the measurement point was
transferred to the quarter-chord (0:25c). Doing this enables the liftL,
the drag D, and the moment M0:25c about the quarter-chord to be
obtained using the following expressions:

L� LM � LST; D�DM �DST; M �MM �MM�U�0�

M0:25c �M � ��x0 cos� ��z0 sin��L � ��x0 sin�
��z0 cos��D (1)

where�x0 is the chordwise distance between the quarter-chord and
the measurement point, and�z0 is the model thicknesswise distance
from the measurement point to the chord (see Fig. 3).

By normalizing the forces and the moment with the product of the
dynamic pressure q� 1

2
�U2 and the wing area S for forces, and S �c

[ �c: mean aerodynamic chord (MAC)] for the moment, nondimen-
sional aerodynamic coefficients (the lift coefficient CL, the drag
coefficient CD, and the moment coefficient CM;0:25c) are given as
follows:

CL �
L

qS
; CD �

D

qS
; CM;0:25c �

M0:25c

qS �c
(2)

where �c is given by the following equation (the chordwise positions
of 0:25�c are indicated by the dots in Fig. 4):

�c� 2

S

Z
b=2

0

c2 dy (3)

Since the measured aerodynamic coefficients are considered to be
affected by the blockage effect caused by the test section walls, the
dynamic pressure was corrected by the classical method [23]. In this
method, the blockage correction factor " is given by

"��u

U
� S

4Sts
CD0 �

KWS

4Sts
�CD � CD0 � CDi� (4)

where KW is a constant that depends on the wing aspect ratio and
S=Sts is the ratio of the wing area S to the test section area Sts. CD0 is
theminimumdrag coefficient, andCDi is the induced drag coefficient
given by C2

L=�AR; thus, CD � CD0 � CDi [the second term in
Eq. (4)] is the drag coefficient due to flow separation.

The corrected dynamic pressure qc is given by

qc � q�1� "�2 (5)

In the present experiment, S=Sts varies in the range of 1.4 to 4.6%;
blockage effects havevery little influence at low angles of attack (i.e.,
� < 30 deg), but they have noticeable influences at high angles of
attack (i.e., near 90 deg).

Figure 4 shows the wing models used in this experiment. Their
planforms are elliptical, rectangular (with and without a sweep
angle), and triangular with various aspect ratios in the range AR�
0:5 to 8. For the elliptic wings, the line of the 25% chord is a straight
line, and the contours are elliptical in front of and behind the chord
line.

Thewing models are made of 0.5-mm-thick aluminum plates, and
the shape of the wing section is rectangular with no sharp leading
edges. Therefore, the thickness ratio t= �c varies with the model.
However, because themaximum thickness ratio of themodel is small
(less than 1.7%), the effect of the different thicknesses on the
aerodynamic properties of the wing seems to be small [except for
some slight differences in the minimum drag coefficient CDmin and
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the maximum lift-to-drag ratio �L=D�max]. The wind velocity was
adjusted to minimize differences between the Reynolds numbers of
thewings caused by their differentMAC lengths. However, due to the
relatively long chords of low-aspect-ratio wings (AR� 0:5 for the
elliptical and rectangular wings, and AR � 1 for the triangular
wings), the reduction in the Reynolds number was limited.

Flow visualization techniques known as the oil-film and smoke-
wire methods were conducted in low-Reynolds-number flows in the
wind tunnel. In the oil-film method, a film of oil is used to observe
regions of flow separation on a wing. A coat of a colored liquid
paraffin was applied to the model surface, and the flow pattern was
observed after a steady pattern had been obtained. To obtain suitable
viscous oil flow, the viscosity of the liquid paraffin was adjusted by
varying the amount of kerosene added to it.

In the smoke-wire method, smoke streamlines are generated by
using an electric current to heat a wire coated with oil. The diameter
of the wire used in the present study was less than 0.1 mm, and its
Reynolds number was less than 30, as the flow velocity was below
4 m=s. Since the liquid paraffin on thewire evaporates as soon as the
electrical current is supplied to the wire, the streak lines are instantly
recorded using a high-speed movie camera at frame rates of
60–300 frames=s.

Results and Discussion

Figures 5–9 and Table 1 show the aerodynamic characteristics of
thewings,with thevarious planforms shown in Fig. 4. Polar curves of
these wings are shown in Fig. 10. The results for lift, drag, pitching
moment, and resultant force coefficients are discussed in the
following sections.

Lift Coefficient

Figure 5a shows the lift coefficientsCL of the elliptical wings with
various aspect ratios. The lift slope of theAR� 8wing is constant for
angles of attack � < 8 deg, and the CL curve becomes almost flat,
remains approximately constant within a range of 8 deg<� �
40 deg, and it then decreases to zero at �� 90 deg. The CL curves
for wings with AR � 2 have similar shapes, and the lift slope at low
angles of attack decreases as the aspect ratio decreases. In the range
of aspect ratioAR � 1, the lift slope decreases, whereasCL continues
to increase to its maximum value at � 	 45 deg. At AR� 1, the
maximum lift coefficientCLmax is about 1.5 times greater than that of
wings with AR � 2. For AR� 0:5, CLmax is slightly lower than the
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value obtained for AR� 1. After reaching the maximum value, CL
for AR � 1 gradually decreases. In the range of � > 60 deg, there is
no noticeable difference in the shapes of the CL curves obtained for
wings with different aspect ratios.

Figure 6a shows the lift coefficients CL of rectangular wings with
various aspect ratios. TheCL curves havevery similar shapes to those
for the elliptical wings. The lift slope of these wings with AR � 4 is
constant in the range of � < 8 deg, but the slope gradually decreases
at 8 deg, similar to the case for the elliptical wing.At� � 30 deg, the
CL values of the rectangular wings with AR � 6 are slightly larger
than those of wings with AR� 2 and AR� 4; this was not case for
elliptical and triangular wings. For rectangular wings with AR � 1,
the nonlinear lift clearly caused by the trailing vortex increases
remarkably, similar to the case for the elliptical wing with the same
aspect ratio.

Figure 7a shows the lift coefficientCL of swept rectangular wings
with an aspect ratio ofAR� 4 and with sweep angles of�� 0 deg,
30, 45, and 60 deg. The lift slope near �� 0 deg decreases as the
sweep angle increases. However, the maximum lift coefficient
increases with increasing sweep angle.

Figure 8a showsCL of triangular wings with various aspect ratios.
The linearity range of the lift curve decreases, and the lift slopes of
wings with AR � 4 at � < 10 deg are lower than those of elliptical
and rectangular wings. As the aspect ratio of the triangular wing
decreases, the effect of the lift slope for low-aspect-ratio wings is
similar to that for otherwings. However, themaximum lift coefficient
CLmax increases dramatically to 1.14 for the AR� 2 wing, whereas

CLmax for other planforms approaches its maximum value for
AR � 1. Furthermore, CLmax of the AR� 0:5 wing is significantly
less than that of the other planforms with the same aspect ratio.

Here, the lift slope at the angle of attack before stall and the stall
characteristics are discussed.

Lift Slope

Table 2 shows the lift slopes a� dCL=d� obtained within the
angle-of-attack range �3 deg � � � 3 deg. The lift slope a of
elliptical wings with AR � 4 is larger than that of rectangular wings
having the same aspect ratio. This phenomenon is clear by the
traditional lifting line theory that the downwash of a elliptical wing is
constant along the spanwise direction. On the other hand, inAR � 2,
the lift slope a of elliptical wings is smaller than that of rectangular
wings. This probably occurred because the elliptical wing has a
larger thickness ratio near the tip than that of the rectangular wing.
Then, the lift slopes of both triangular wings that have large taper
ratios and sweptwings that have large sweep angles become small for
every aspect ratio. Furthermore, as the angle of attack increases over
3 deg, the lift slopes of elliptical and rectangular wings with high
aspect ratios increase slightly. This is due to the vortex lift generated
by the leading-edgevortexon theflat plate, aswill bementioned later.

Although the lift slope of wings with AR � 1 (AR � 2 for
triangular wings) is small at �3 deg � � � 3 deg, it increases
remarkably as the angle of attack increases in� � 20 deg because of
the additional vortex lift by the wingtip vortices (longitudinal
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leading-edge vortices for triangular wings) . However, when the
angle of attack increases further, the pressure distribution of thewing
surface tilts backward, and the increment of a lift becomes gradually
small.

The lift slope of the swept wing with a large sweep angle of
�� 60 deg becomes small as the angle of attack increases, but
CLmax becomes large, such as those in the case of low-aspect-ratio
wings. This favorable phenomenon is believed to be resulted from
the leading-edge flow separation, where the flow rolls up into a
spanwise vortex (this is similar to the case of a triangular wing,
discussed next).

Stalling Characteristics

When the angle of attack of high-aspect-ratio wings increases
beyond the stall angle, the lift curve becomes flat. This lift curve is
mainly caused by the characteristics of the thin rectangular airfoil,
and the stall occurs at the small angle of attack� < 10 deg. However,
there is a little difference in the shapes of the lift curves of the dif-
ferent planforms. Some different shapes in stall patterns of these
planforms are caused by the dissimilar spanwise pressure distri-
butions. In the case of elliptical wings, the flow separation occurs at
the same time along any spanwise station. In contrast, it occurs at the
wing root for rectangular wings, and the maximum lift coefficient
remains constant above the stall angle.

In the lift curve of the wings with AR � 1 (AR � 2 for triangular
wings), which have large CLmax, as the angle of attack increases
beyond the stall angle, the phenomenon of the sudden decrease ofCL
is seen in the rectangular wing with AR� 1 and the triangular wing
with AR� 2. The lift coefficients in other wings (elliptical wings
withAR� 1 and 0.5, rectangularwingwithAR� 0:5, and triangular
wings with AR� 1 and 0.5, respectively) are decreased gradually as
the angle of attack increases. A sharp drop in CL shows that the
attached flow by the tip vortices suddenly separates from the wing
surface. This phenomenon coincides with the line pattern, which
disappears at �� 40 deg in the oil-film study of rectangularAR� 1
wing, aswill bementioned later.At this point, the aerodynamic forces
andmoment exhibit hysteresiswhen the angle of attack� increases or
reduces by about 1 deg. Other planforms of wing did not exhibit this
characteristic in this experiment. The aerodynamic hysteresis is
considered to be little in such low-Reynolds-number flows.

Drag Coefficient

The minimum drag coefficients CDmin (�� 0 deg) of all wings
examined (see Figs. 5b, 6b, 7b, and 8b) are very similar with each
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Table 1 Aerodynamic characteristics of three wing planforms

�, deg

Wing planform AR �, deg t= �c% Re (�104) CLmax CDmax CRmax �L=D�max CLmax CRmax �L=D�max

Ellipse 8 —— 1.47 1.13 0.78 1.23 1.23 7.2 36 90 4.5
6 —— 1.47 1.13 0.75 1.21 1.21 6.7 38 90 4.6
4 —— 1.47 1.13 0.69 1.19 1.19 6.4 36 90 4.6
2 —— 0.98 1.15 0.74 1.18 1.18 5.5 39 90 4.5
1 —— 0.82 1.42 1.11 1.15 1.45 4.6 38 41.1 5.7
0.5 —— 0.49 1.72 1.06 1.18 1.46 3.3 42 46.3 9.9

Rectangle 8 0 1.67 1.14 0.93 1.26 1.26 7.1 34 90 4.9
6 0 1.67 1.14 0.88 1.22 1.22 6.6 34 90 4.0
4 0 1.67 1.13 0.77 1.22 1.22 6.4 32 90 4.4
2 0 1.48 1.13 0.74 1.17 1.17 5.3 18 90 4.4
1 0 1.00 1.26 1.14 1.16 1.40 3.7 34 35.6 6.8
0.5 0 0.50 1.69 1.14 1.15 1.57 3.4 43 47.1 9.7

Swept rectangle 4 30 1.67 1.00 0.76 1.25 1.25 6.5 33 90 4.4
4 45 1.67 1.00 0.82 1.20 1.20 6.0 23 90 4.8
4 60 1.67 1.00 1.01 1.41 1.43 4.9 34 79.8 4.6

Triangle 8 26.6 1.67 1.14 0.76 1.20 1.20 6.1 37 90 4.0
6 33.7 1.67 1.14 0.73 1.18 1.18 5.8 36 90 5.2
4 45 1.00 1.13 0.78 1.15 1.15 5.4 19 90 3.7
2 63.4 0.83 1.37 1.14 1.16 1.42 4.5 33 38.6 7.7
1 76.0 0.67 1.71 1.14 1.20 1.44 3.3 36 42.2 7.6
0.5 82.9 0.57 1.97 0.81 1.17 1.22 2.4 43 55.4 13.0
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other and slightly greater than twice the skin friction drag coefficient

Cf calculated by using Cf � 1:328=
������
Re
p

. The drag coefficients CD
of high-aspect-ratio wings are greater than those of low-aspect-ratio
wings ofAR � 2 (AR � 4 for triangular wings) at angles of attack of
� < 20 deg. This is due to the large pressure drag CDp, which is
larger than the induced drag CDi of high-aspect-ratio wings with
rectangular airfoils, as mentioned later in the section titled
“Comparison with Theory”. However, in 30 deg<� < 60 deg, the
CD of low-aspect-ratio wings becomes larger than that of high-
aspect-ratio wings due to CDi increased by the large CL. Similar CD
values for � > 60 deg are obtained for all planforms, except for the
swept wing with �� 60 deg and triangular wings with AR � 1,
both of which have slightly higher values. These results of CD
correspond to the characteristics of CL at � > 60 deg.

As seen in Table 1,CDmax (�� 90 deg) lie in the range 1.15–1.26,
except for the swept wing with �� 60 deg, which has an excep-
tionally high CDmax of 1.41. This high CDmax is similar to CD of the
rectangular flat plate with AR� 16 setting vertically in the flow. For
such flat plates, CD increases evidently as its aspect ratio increases
over 10 (Hoerner [24]). This high CDmax for the highly swept wing
seems to be due to its planform being equivalent to a pair of
rectangular plates of AR� 8 arranged in a diagonal configuration.

Thewing operating at high angles of attack over 60 deg becomes a
bluff body with a perfectly separated flow. At � > 60 deg, the drag
coefficient of the wing obtained by using the projection area S sin�
instead of the wing area S was almost constant with a change in the
angle of attack �. Therefore, CL and CD are expressed as follows:

CL�CDmax cos� CD�CDmax sin� where; � > 60 deg (6)

Figure 9 shows an example of the comparison between the
experimental CL and CD and the theoretical values calculated by
Eq. (6) at � > 60 deg. It is recognized that the theory shows a near
value to the experiment.

Figure 10 shows polar curves. The slopes of the tangential lines
from the origin to each of these polar curves was used to obtain the
maximum lift-to-drag ratio �L=D�max. As seen in Table 1, �L=D�max

increases and the angle of attack of �L=D�max decreases as the aspect
ratio increases. The maximum value of �L=D�max obtained in this
study is about seven; this value decreases as the aspect ratio
decreases. The angle of attack at �L=D�max is high for elliptical and
rectangular wings with AR � 1 and for triangular wings with
AR � 2.

Pitching Moment Coefficient

Figures 5c, 6c, 7c, and 8c show the pitching moment coefficient
CM;0:25c at the 25% chord. As Figs. 5c and 6c show, the moment
slopes of the elliptical and rectangular wings are nearly zero at small
angles of attack, although they have slightly positive values. CM;0:25c
becomes negative as the lift increases. CM;0:25c changes rapidly for
high-aspect-ratio wings but gradually for low-aspect-ratio wings.
These changes are related to the different lift slopes for wings with
different aspect ratios. Specifically, CM;0:25c of the elliptical AR�
0:5 wing decreases the most gradually with an increasing angle of
attack, and the range of the angle of attack of CM;0:25c near zero is
larger than those of the other elliptical and rectangular wings.
Figure 6c shows that there is a sudden increase in the moment of the
rectangular wing with AR� 1 at �� 45 deg; this abrupt change
corresponds to rapid decreases in the lift and drag.

Figure 7c shows that, for the swept wings, the positive slope range
of the pitching moment around �� 0 deg extends to an angle of
attack of �� 40 deg as the sweep angle increases. This must be
caused by partial flow separation or stall at the outer spanwise station
near the wingtips. For the rectangular swept wing in the range of
� � 45 deg,CM;0:25c is a maximum at the same value of � asCLmax.
For � > 40 deg, the slope of the pitching moment CM;0:25c becomes
large and negative.

The moment slope of the triangular wing shown in Fig. 8c is
negative in the vicinity of �� 0 deg, and the differences in the
moment slopes for wings with different aspect ratios are com-
paratively small. As the angle of attack increases, the pitching

moment variation becomes complicated for the triangular wing.
When the angle of attack further increases to � > 60 deg,CM;0:25c is
very similar for all the planforms studied, and it decreases to nearly
�0:3 at �� 90 deg. The minimum CM;0:25c was obtained for the
swept wing with �� 60 deg, and its value was �0:35. That is, the
center of pressure of every wing at �� 90 deg is located at nearly
50% of MAC, so that CM;0:25c is nearly equal to �CD=4.

Resultant Aerodynamic Force Coefficient

The resultant aerodynamic force coefficient CR is expressed as a

nondimensional resultant force given by CR �
�������������������
C2
L � C2

D

p
.

Graphically, CR is considered to be the distance from the origin to
the data points of the polar curve. As Figs. 10a–10d show, the
maximum resultant force CRmax occurs at �� 90 deg for high-
aspect-ratio wings, whereas it occurs near �� 40 deg for low-
aspect-ratio wings. Table 1 and Fig. 10 showCRmax calculated using
the measured values of CL and CD. CRmax is larger than CDmax for
elliptical and rectangular wings with an aspect ratio AR � 1
(Figs. 10a and 10b, respectively) and for the triangular wing with
AR � 2 (Fig. 10d). The rectangular wing with AR� 0:5 produced
the largest CRmax of 1.57 of the wing models tested. The angle of
attack of CRmax tends to increase with decreasing aspect ratio (if the
value for 90 deg for AR � 2 in Table 1 is disregarded).

a) Elliptical wings with AR=8 and AR=1

b) Rectangular swept wings with     = 0 deg and    = 60 deg Λ Λ
Fig. 9 Comparison of theoretical and experimental CL and CD at high

angle of attack of � > 60 deg.
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The CRmax of the swept wing with AR� 4 (Fig. 10c) occurs at
�� 90 deg for thewingswith�� 30 and 45 deg,whereas it occurs
at �� 79:8 deg for the wing with�� 60 deg. This is because CD
for the wing with �� 60 deg is approximately constant for
� � 79:8 deg. CR near �� 40 deg for the swept wing with ��
60 deg is larger than those of the other planforms with the same
aspect ratio (AR� 4). The next highest angle of attack for CRmax for
the models tested was 55.4 deg for the triangular wing model with
AR� 0:5.

Effect of Reynolds Number

In the present study, there was a limit to give the same Reynolds
number of the tests for various planforms that have different lengths
of MAC. Therefore, the effect of the Reynolds number on the
aerodynamic characteristics in the vicinity of Re� 1 � 104 were
examined for representative planform models with high and low
aspect ratios. Reynolds number effects were observed for angle of
attacks � < 20 deg for high-aspect-ratio wing models and for � <
50 deg for low-aspect-ratio models. Reynolds number effects were
not obvious at angles of attack higher than �� 60 deg.

High-Aspect-Ratio Wing

Figure 11 shows the results obtained from the elliptical wing with
AR� 6 by varying the Reynolds number between 0:58 � 104 and
1:3 � 104. The lift slope at � < 6 deg is nearly constant, but it
increases slightly at higher angles of attack. The nonlinearity of the
lift curve seems to be due to the additional vortex lift generated by the
leading-edge separation vortex. Crompton and Barett [25] revealed

the existence of a leading-edge separation bubble on a sharp-edged
flat plate by measuring the velocity and the pressure distribution
throughout the bubble along the plate in a low-Reynolds-number
range from 1 � 104 to 55 � 104. The nonlinearity of the CL curve at
Re� 0:58 � 104 is more remarkable, and the lift slope exceeds the
theoretical value for the two-dimensional lift slope of 2�. The effect
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Fig. 10 Polar curves of four wing planforms.
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Fig. 11 Reynolds number effects on aerodynamic characteristics of

elliptical AR� 6 wing model.
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of the Reynolds number is clearly seen in the pitching moment
CM;0:25c; it changes to negative at lower angles of attack as the
Reynolds number decreases. In conclusion, for high-aspect-ratio
wings, the Reynolds number slightly changes the lift slopes. The
wing with an airfoil profile section is considered to be more sensitive
to changes in the Reynolds number. However, since the present
results were obtained by using models of thin flat plates with
rectangular profiles, the Reynolds number effects on the aero-
dynamic characteristics were little.

Low-Aspect-Ratio Wing

Figures 12–14 show the Reynolds number effects on the aero-
dynamic forces and moment for low-aspect-ratio wings (elliptical
wing with AR� 1, rectangular wing with AR� 1, and triangular
wing with AR� 2, respectively). The Reynolds number in the
present study varied from about 1 � 104 to 2 � 104. Both the lift
slope and the maximum lift coefficientCLmax of thewings decreased
slightly with the Reynolds number in this range. This phenomenon is
more pronounced for the triangular wing than for the elliptical and
rectangular wings. In Fig. 13, a sharp hollow in CL is observed at
�� 40 deg: the angle of attack at which the hollow point decreases
as the Reynolds number decreases. In low-aspect-ratio wings, the
stall angle decreases as the Reynolds number decreases. That is, it
seems that the flow that is held on the wing surface by the wingtip
vortices separates early from the wing surface by the reduction of
Reynolds number.

Comparison with Theory

Many theoretical methods have been proposed for analyzing wing
planform characteristics, and their accuracies have been confirmed
by experimental results at highReynolds numbers. Figure 15 shows a
comparison between the experimental lift slope in Table 2 and the
theoretical value calculated by the lifting surface theory of the vortex
lattice method (VLM) [26]. The theoretical lift slope may be
equivalent to the value of KP, which is given later by Eq. (7). The
experimental lift slopes exceed the theoretical values for high-aspect-
ratio wings, but they agree with each other quite well for low-aspect-
ratio wings (except for the experimental data for the elliptical wing,
which are slightly lower than theoretical predicted values). The
leading-edge separation of the rectangular cross section started at
very low angles of attack, and it must be the cause of the dis-
crepancies in the lift slopes. The lift slope of high-aspect-ratio wings
reduces when the leading edge is made sharp or the wing section
thickness decreases. In the thin flat plate with a sharp leading edge,
the lift slope at � < 2 deg is small due to laminar separation. In
contrast, the lift slope becomes large for�3 deg<� < 3 deg for the
rectangular leading edge, since the separation occurs at a smaller �
and the vortex lift contributes to the lift due to the leading-edge
vortex. On the other hand, the effect of the thickness of the airfoil
section seems to be small for low-aspect-ratio wings. For the swept
wings, both experimental and theoretical lift slopes exhibit a similar
trend, such that they decrease as the sweep angle increases for a given
aspect ratio.
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b) Drag and moment coefficients 
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Fig. 12 Reynolds number effects on aerodynamic characteristics of

elliptical AR� 1 wing model.
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b) Drag and moment coefficients 
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Fig. 13 Reynolds number effects on aerodynamic characteristics of

rectangular AR� 1 wing model.
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There is a method for calculating the nonlinear lift coefficient of
low-aspect-ratio wings in classical theory. For triangular wings, a
vortex generated from the apex to the trailing edge along the swept
leading edge generates vortex lift, and the lift slope increases as the
angle of attack increases. Polhamus [27,28] modeled this phenom-
enon by setting the vortex lift to be equal to the leading-edge suction
force calculated by potential theory. That is, the direction of the
leading-edge suction force vector turns from horizontal to vertical by
the flow separation at a sharp leading edge, and this vortex lift
contributes to the lift augmentation (Polhamus’ leading-edge suction
analogy). The lift coefficient CL based on this approach is given by

CL � KP sin�cos2�� KVsin2� cos� (7)

where KP is the lift slope given by the lifting surface theory, KV is
estimated from the leading-edge suction force, and the vortex lift is
obtained by multiplying KVsin

2� by cos�. KP andKV are presented
as functions of the aspect ratio. By assuming no leading-edge suction
due to vortex lift, the drag coefficient CD is given by

CD � CL tan�� CD0 (8)

whereCD0 corresponds approximately to twice the skin friction drag
Cf.

For rectangular wings, Lamar [29] showed that the vortex lift can
be calculated by using the suction analogy for leading-edge and
side-edge suction forces. The results have been confirmed by

experimental results for sharp-edged rectangular and triangular
wings at high Reynolds numbers ofRe > 106. Table 3 showsKP and
KV for triangular and rectangular wings with low-aspect-ratio
planforms.

Theoretically computedCL andCD characteristics are represented
by solid lines for AR� 1 and dashed lines for rectangular and
triangular wings with AR� 0:5 in Figs. 16 and 17a, respectively. In
the angle-of-attack range �10 deg � � � 25 deg, the experimen-
tally measuredCL andCD of rectangular wings with AR� 1 and 0.5
agree well with the theoretical results (Fig. 16), whereas the
measured values for the triangular wing are lower than the compu-
tational results over awide angle-of-attack range. Since the influence
of the thickness at the leading edge is considered to be the cause of
this discrepancy between the experimental and calculated results,
tests were conducted of a triangular wing with AR� 2 with a sharp
leading edge. In this case, there was a very small difference between
the results for rectangular and sharp leading edges, as seen in
Fig. 17b. Because the effects of the Reynolds number on the
triangular wing are larger than those of the other two planforms (see
Fig. 14), we tentatively change the value ofKV in Eq. (7) from 3.1 to
half this value; when this is done, the theoretical lift slope agrees well
with the experimental results (Fig. 17b). Therefore, it seems to be that
the leading-edge vortex lift seems to decrease at low Reynolds
numbers.

Figure 18 shows a comparison of the drag coefficients among
experimental and calculated results based on Eq. (8) and the potential
theory based on the induced drag CDi � C2

L=�ARe, which is
mentioned later in the range of angle of attack � < 60 deg. It is
recognized that 1) the experimental results coincide well with the
calculated CD given by Eq. (8); and 2) the induced drag coefficient
calculated from the potential theory is small, specifically in high-
aspect-ratio wings. The same results were obtained in all planforms
of the wings tested. That is, the pressure drag is larger than the
induced drag in wings that have thin rectangular airfoils.

From these results, it is considered that CD � CD0 is in proportion
to the squared angle of attack a2 in the linear range of the CL curve,
whereCD0 is the drag coefficient atCL � 0 and equal toCDmin in the
experiment. Therefore, the drag coefficientCD is able to be expressed
as follows:

CD�CD0� k�2�CD0�CDp�CDi�CD0� ��2�
C2
L

�ARe
(9)

where CDp is the pressure drag coefficient that seems to be in
proportion with a2, � is the proportional constant, and CDi is the
induced drag coefficient inwhich e is the span efficiency factor and is
e� 1 for the elliptical lift distribution. The theoretical CDi was
obtained by calculating the downwash at the 25% chord of the wing
element by the wing surface theory of VLM, and the value of e was
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Fig. 14 Reynolds number effects on aerodynamic characteristics of

triangular AR� 2 wing model.
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obtained by using the theoretical CDi. At the present low Reynolds
number, it is unknown that the potential theory is applicable.
However, since the effect of the Reynolds number of the wings with
thin rectangular airfoils is comparatively small, as stated before, this
theory may be used this time.

Figure 19 shows the proportional constants k and � versus the
aspect ratio of the wing, obtained from the experimental results that
are expressed in the quadratic equations of the angle-of-attack range
less than the stall angle. The applicable range of angle of attack for
each wing is as follows:

1) For AR� 8, �� 6 deg; for AR� 6, � < 7 deg; and for
AR� 4, �� 8 deg.

2) For AR� 2, �� 10 deg for the elliptical and rectangular
wings, and �� 30 deg for the triangular wing.

3) For AR� 1, � < 30 deg; and for AR� 0:5, �� 30 deg.
4) For �� 30 deg, �� 10 deg; for �� 45 deg, �� 20 deg;

and for �� 60 deg, �� 30 deg for the swept wings.
In high-aspect-ratio wings, the k value, which shows the size of

CD � CD0, is larger than that of low-aspect-ratio wings due to the
differences in lift slopes. In the same aspect ratio wings, the k of the
elliptical wing is the largest and is slightly small for the rectangular
wing, and it is the smallest for the triangular wing. This is caused by
the lift slope a, which is the largest for the elliptical wing and the
smallest for the triangular wing, as seen in Table 1. In low-aspect-
ratio wings, the difference of k in planforms with the same aspect
ratio is small. As the sweep angle of the swept wing increases, k
decreases due to the reduction in the lift slope.

The � value, which shows the ratio of the pressure drag coefficient
CDp toCD, increases as the aspect ratio decreases. From these results,
it is recognized that the difference of the induced drag in the different
aspect ratio of thewing is comparatively small, and the pressure drag
of high-aspect-ratio wings is larger than that of low-aspect-ratio
wings. As the sweep angle of the swept wing increases, the � value
increases. This is due to the small induced drag CDi resulting from
both the small lift slope and the large aspect ratio of the swept wing
with large sweep angles. This phenomenon is different from the
results of low-aspect-ratio wings, which are affected by the sepa-
ration vortex of the leading edge similarly.

Table 2 Experimental lift slope of wing in angle-of-attack range �3 deg � � � 3 deg

Swept rectangle

AR Ellipse Rectangle Triangle �� 30 deg �� 45 deg �� 60 deg

8 5.41 5.38 5.10 —— —— ——

6 4.78 4.71 4.36 —— —— ——

4 3.90 3.82 3.41 3.41 2.95 2.56
2 2.47 2.64 2.25 —— —— ——

1 1.47 1.59 1.29 —— —— ——

0.5 0.78 0.81 0.63 —— —— ——
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Fig. 16 Comparison of theoretical and experimental aerodynamic

force coefficients of low-aspect-ratio rectangular wings.

Table 3 KP and KV values for triangular and rectangular

wings with low aspect ratios [23–25].

Rectangular wing Triangular wing

AR 0.5 1 1 2
KP 0.77 1.46 1.31 2.22
KV 2.93 2.91 3.16 3.20
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b) Effect of different values of Kv in Eq. (7). 
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Flow Pattern on Wing Surface

The oil-film method was used to visualize the flow separation
region on thewing surface. The oil film on thewing surface becomes
dark in the region where the flow in the boundary layer reverses its
direction, and it becomes light where the flow is in the general
direction around the model. Figure 20 shows the results for oil flow
on the elliptical wing with AR� 6. The line-shaped pattern seen in
Fig. 20a appears on the wing surface at about the 30% chord at an
angle of attack of�� 6 deg. This seems to be caused by a separation

vortex generated on the leading edge of the wing. Figure 20b shows
that the line pattern moves to nearly the 60% chord as the angle of
attack increases. This pattern is still visible at �� 12 deg, although
the lift slope is small, but it disappears at �� 15 deg.

Figure 21 shows the results of the oil-flow study on the elliptical
wing with AR� 1. In Fig. 21a, a line pattern is seen near the leading
edge of the wing at �� 10 deg. It moves downstream at ��
20 deg. This pattern moves slightly forward at �� 30 and 40 deg
(Fig. 21b), and it disappears at �� 50 deg, where the wing stalls
completely. The line pattern moves toward the trailing edge as the
Reynolds number decreases.

Figure 22 shows the results of oil-flow study for the rectangular
wing with AR� 1. The line pattern visible near the leading edge of
the wing at �� 5 deg shifts backward and splits into two com-
ponents, which move to the opposite wingtips at � 	 10 deg and
prevent flow separation at the wingtips. At �� 30 deg, the oil
pattern spreads from nearly the 40–50% chord of the wing to the
trailing edge. The line pattern, which curves to the trailing edge at
�� 35 deg, moves slightly forward, and it is not seen at
�� 40 deg. It moves toward the trailing edge as the Reynolds
number decreases. This trend is similar to that for the elliptical
wing.

Figure 23 shows the oil-flow results for the triangular AR� 2
wing. Since the longitudinal vortex along the leading edge appears
on the upper surface of the triangular wing at every positive angle of
attack, the line pattern that corresponds to thevortex appears from the
apex to the trailing edge of the wing. Hoerner and Borst [30] showed
that the large leading-edge vortex induced strong lateral flow toward
the edge and generated a small secondary vortex. The thin line

a) CD of elliptical wing with AR=8

b) CD of elliptical wing with AR=1

Fig. 18 Comparison of theoretical CD by Eq. (8) and experimental CD

in elliptical wing.
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Fig. 20 Oil-flow pattern for elliptical AR� 6 wing.
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Fig. 22 Oil-flow patterns for rectangular AR� 1 wing.

Fig. 21 Oil-flow patterns for elliptical AR� 1 wing.
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in Fig. 23a shows the reattachment line for the leading-edge vortex.
The lines in Fig. 23b represent the separation lines of lateralflow. The
line patterns observed for �� 10 and 20 deg move toward the
leading edge at �� 30 deg, but they move toward the center of the
wing at �� 40 deg.

The oil-film results reveal that there are some differences in the oil-
film patterns with a change in the Reynolds number; however, the
differences in the forces and moment acting on the wing were
comparatively small, as stated previously.

Flow Visualization Around the Wing

In addition to the oil-film study, flow visualization by the smoke-
wire method was conducted. Figure 24 shows photographs of the
streak lines that were obtained by generating smoke lines at an
upstream station on the midspan of the elliptical wing with AR� 1.
The instantaneous visualization results obtained by the smoke-wire
method are difficult to compare with the results for the average
force measurements and the oil-flow patterns for the mean flow.
However, the line pattern of the oil-film method will appear as a
fixed vortex on the wing surface when the vortex remains there for a
long time. The separation vortex is observed on the leading edge of
the wing at �� 10 deg, and small vortices generated from its
leading-edge vortex shed to the rear. Torres and Mueller [16]
described the reattachment of a separation bubble generated at the
leading edge of low-aspect-ratio rectangular wings using a thin flat
plate in their study at Re� 7–10 � 104. In the present study,

reattachment of the separated flow could not be clearly observed
due to the presence of small unsteady vortices shed from the rear
part of the leading-edge vortex. However, the line pattern at small �
shown in Figs. 20–22 must be generated along the stagnation line
between the reverse flow and the forward flow following the
leading-edge vortex. The size of the leading-edge vortex increases
very little with increasing �. Figure 25 depicts the behavior of
vortices on a typical flat-plate wing surface. Many small vortices are
shed to the rear, and reverse flow on the wing surface is observed
near the leading edge. All vortices rotate clockwise when viewed
from the left tip. The generation frequency of the small shedding
vortices is about f� 100 Hz at Re� 1 � 104, and it is independent
of the angle of attack. The Strouhal number St defined by St�
fc sin�=U is about St� 0:4 at �� 10 deg. A large vortex can
also be seen off the trailing edge of the wing in Figs. 24 and 25.
This large vortex appears at a frequency of about 10 Hz ; it engulfs
some of the other small vertices near the center of the chord, and it
flows to the rear. These vortices are seen at larger angles of attack.

At �� 20 deg, many small vortices separate from the wing
surface and are shed from the trailing edge, but the remaining vortices
are caught by a pair of large tip vortices and flow away with them.
Another vortex is seen under the many small shedding vortices (see
Fig. 25). The line pattern at �� 20 deg (Fig. 21) must be due to the
reverse flow caused by the vortex on the surface near themidchord of
the model. At �� 30 deg for the elliptical wing with AR� 1, the
space between the small vortices and thewing surfacewidens, but the
lift is still large at this high angle of attack.

a) Typical oil-flow patterns 

Secondary 
separation 

Lateral flow 
α=30 deg Re=2.3×10

α =30 deg Re=1.4×104

α =10 deg 

α =20 deg 

α =40 deg 

α =30 deg 

b) Variation of line pattern 

Re=1.4×104Re=2.3×104

Fig. 23 Oil-flow pattern for triangular AR� 2 wing.
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Conclusions

The following results are obtained from the wind-tunnel tests of
various wing planforms at lowReynolds numbers of around 1 � 104:

1) It is confirmed at high Reynolds numbers (Re � 106) that the
experimental results coincide with those given by the VLM and

leading-edge suction analogy based on the potential theory. At low
Reynolds numbers (Re 	 104) in the present study, the effect of
Reynolds number on the aerodynamic forces acting on the three-
dimensional wing profiled with a thin rectangular airfoil is com-
paratively small, except the triangular wing with the aspect ratio of
AR � 2. As a result, the lift slope generally decreased with the
reduction of the aspect ratio, whereas the CLmax of the wing with
AR� 1 (AR� 2 for triangular wings) was about 1.5 times as large as
that of higher-aspect-ratio wings.

2) However, in the small range of the Reynolds number of
0:58 � 104 � Re � 2:37 � 104, there was a little change in the lift
slope of high-aspect-ratio wings and in the lift curve near the
maximum lift coefficient CLmax for low-aspect-ratio wings. That is,
when theReynolds number decreased, a) nonlinearity of the lift slope
of high-aspect-ratio wings was more remarkable due to the leading-
edge vortex, b) CLmax of low-aspect-ratio wings slightly decreased,
and c) the CL of the triangular wing with AR � 2 became smaller
than the theoretical value due to the longitudinal leading-edge
vortices.

3) In low-Reynolds-number flows, it was confirmed by the flow
visualization that the leading-edge separation vortex could not
reattach on thewing surface andmany small vortices flowed out from
the separated region.

4) In the drag coefficients CD of the wings with thin rectangular
airfoils, the pressure drag is larger than the induced drag, specifically
in high-aspect-ratiowings. Because of the large pressure drag, theCD
of high-aspect-ratio wings is larger than that of low-aspect-ratio
wings at small angles of attack. However, as the angle of attack
increases, theCD becomes large for low-aspect-ratiowings due to the
induced drag increased by the large CL.

5) At � > 60 deg, the differences in the aerodynamic character-
istics of the different planforms are comparatively small. However,
for the swept wing with a large sweep angle of� � 60 deg, CL and
CD are slightly larger than those of the other planforms. The
maximum drag coefficient CDmax obtained at �� 90 deg is nearly
1.2 for all wings tested, except the swept wing with�� 60 deg, for
which CDmax was 1.41. This high CDmax for the swept wing with
large sweep angle seems to be caused by its configuration, which is
considered to be a pair of the slim rectangular plates arranged
diagonally.

6) The maximum resultant aerodynamic force coefficient CRmax

occurs at �� 90 deg for high-aspect-ratio wings, whereas it ap-
peared near �� 40 deg for low-aspect-ratio wings. The rectangular
AR� 0:5wing had amaximum resultant forceCRmax of 1.57, which
was the largest value of the models examined.

7) Because every tested airfoil was rectangular, the pitching
moment coefficientCM;0:25c at the 25% chord around �� 0 degwas
nearly zero for all wings tested. The slopes of CM;0:25c are slightly
positive at small angles of attack for all wings, except for the
triangular wing, which is negative; for the swept wings with large
sweep angles, the positive moment slopes extend to large angles of
attack. These slopes change to negative as the angle of attack
increases, and the minimum pitching moment �CM;0:25c�min occurs at
�� 90 deg. The center of pressure at �� 90 deg was located near
50% of the MAC for all wings tested.
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